The trilith consists of two vertical elements (columns) supporting a horizontal element (lintel). The understanding of the dynamic behaviour of triliths is an important step towards their preservation and starts with the knowledge of the dynamics of rigid blocks. A passive method based on a dynamic mass absorber is used to protect a trilith from overturning. The protection system is modelled as a pendulum, hinged on the lintel, with the mass lumped at the end. The equations of rocking motion, uplift and the impact conditions are obtained for the coupled system trilith-mass absorber. An extensive parametric analysis is performed with the aim to compare the behaviour of the system with and without the pendulum, under impulsive one-sine (or one-cosine) base excitations. In order to point out the effectiveness of the protection system, overturning spectra, providing the amplitude of the excitation versus its frequency, are obtained. The pendulum mass absorber results effective in avoiding overturning in specific ranges of the frequency of the excitation. However, outside these ranges the mass absorber never compromises the safety of the trilith.
Introduction
The dynamical behaviour of block-like structures has focused the interest of many researchers in the last fifty years. The reason is that several elements such as hospital equipment, storage boxes, and in some cases historical monument and art objects, show a rocking motion typical of block-like structures when subjected to earthquakes. Therefore, the initial studies on this kind of structures used two-dimensional models to analyze the dynamics of symmetric blocks subject to earthquakes excitations [1, 2] .
Even though the response of block-like structures to earthquakes remains a central topic [3, 4] , other kinds of ground excitation have been considered in subsequent studies. Random and harmonic excitations were discussed in [5] [6] [7] [8] [9] , respectively. Several papers enriched the original two-dimensional symmetric model of rigid block. Nonsymmetric rigid blocks are modelled in [10, 11] . In [12, 13] , instead, the possibility for combined slide-rocking motions is contemplated. The transitions among the different phases of motions are analyzed in details in [14] [15] [16] . An alternative three-dimensional formulation for the rigid block motion that considers the rocking and the spinning over one vertex of the block-like structure is presented in [17] [18] [19] .
In the last years, a topic of broad interest is the protection of block-like structures. Several papers investigated different methodologies and devices. The simplest method is the anchorage of the block-like structures, as in [20, 21] where a semi-active control of the rocking motion is also considered. Instead, an active control method is used in [22] . The most investigated protection methodology is the use of base isolation [10, 23] . In the majority of the paper on base isolation, the element is constrained to remain on the base since the sliding is usually prevented. In [24] , instead, the block-like element is allowed to slide or rock partially outside the oscillating base. The research presented in [25] investigates the effectiveness of base isolation for block-like elements at different levels of a multi-story frame. Another protection methodology for block-like elements is the use of Tuned Mass Dampers (TMD). The effectiveness of a TMD constituted by a single degree of freedom oscillating mass connected to the block with a linear visco-elastic device is 2 Mathematical Problems in Engineering analyzed in [26] [27] [28] . The use of a different kind of TMD is proposed in [29] where the motion is controlled using a sloshing water damper. Some recent studies proved, with both deterministic [30, 31] and probabilistic [32] approaches, the effectiveness of pendulum damping systems to control the rocking motion.
Some papers considered multiple blocks, either stacked or in the configuration of a trilith. A contact model for rigid blocks is proposed in [33] . In [4, 34] , the rocking of two stacked rigid block is analyzed considering different possible patterns and deriving the equations of motion for each pattern. The identification of the minimum amplitude that leads to the overturning of multiple block systems is studied in [35, 36] . A few papers are focused on the dynamics of triliths. The main difference among them is in the modeling of the impact between two elements of the trilith and with the ground. The studies presented in [37, 38] make use of specific formulations that are discussed in [33, 39] , respectively. In [40] , instead, the loss of energy associated with the impact is used to define the initial conditions for the post-impact motion. The angular momentum-impulse theorem applied on one column of the frame before and after the impact is used in [41] to define the maximum coefficient of restitution of the rocking frame. In particular, in the same paper, an equivalent single block model is used to analyze the motion of a multicolumn rocking frame. Using the same model, in [42] , it is demonstrated that the stability of the rigid frame increase with the weight of the lintel.
In this paper a passive method of motion control, based on the use of dynamic mass absorber is used to protect from overturning a trilithic structure with equal columns and generic shaped and positioned lintel. The only restriction considered on the geometry of the lintel is that the contact zones with the top of the columns is horizontal. In trilithic structures with equal columns, the columns rotate of the same angle and the lintel undergoes only to translational motion. The adopted protection system is constituted by a mass absorber, modelled as a pendulum hinged on the lintel with the mass lumped at the end. The equations of motion of the trilith coupled with the mass absorber are obtained; the uplift and the impact conditions are derived in a rigorous way, contrarily to what done in [31] .
An extensive parametric analysis is performed with the aim to compare the behaviour of the system with and without pendulum, under impulsive external excitations. Specifically, in order to point out the efficiency of the pendulum mass absorber, a one-sine (or one-cosine) base excitations is considered. Overturning spectra, providing the amplitude of the excitation versus its frequency, are obtained for a wide class of triliths characterized by different geometrical properties, with and without pendulum mass absorbers. The results show the effectiveness of this kind of protection in avoiding overturning.
Mechanical Model
The mechanical system is constituted by two equal columns and a generic shaped and positioned lintel. The only restriction considered on the geometry of the lintel is that the contact zones with the top of the columns is horizontal. The pendulum mass absorber is hinged to the lintel in a generic point and it has a lumped mass connected at its end point. The columns and the lintel are assumed to be made of the same material and of unitary depth (the dimension orthogonal the plane containing the trilith). The three bodies of the trilith are modelled as rigid blocks. A sufficiently larger friction coefficient is assumed to prevent the slipping between columns and ground and between columns and lintel as in [41] . So, the trilith can undergo only rocking motion. The two equal columns of the trilith rotate of the same angle, and the lintel undergoes only a translation (it does not rotate, see [41] ). Figure 1 shows the geometrical parameters characterizing the mechanical system; , ( = 1, . . . , 3) are the mass centers of the three rigid blocks constituting the trilith, and 4 is the position of the mass of the pendulum. The pendulum is hinged on the lintel at point .
Under an impulsive base excitation, the overturning of blocks happens either directly, without any impact between the base and the ground, or after the first impact. The dynamic mass absorber intercepts a fraction of the initial inertial forces acting on the block before the uplift. In this way, the dynamic mass absorber reduces the amplitude of the rocking angle of the block in the first rocking motion cycle. The pendulum device does not work as a tuned mass damper, since it is not tuned to any frequency characterizing the system
Full Contact Equation of Motion.
If the external excitation is not capable of uplifting the columns, the trilith remains at rest. In this case, only the pendulum oscillates. The equation of motion describing the oscillation of the pendulum is the classical one:
where = ( ) is the oscillating angle of the pendulum; 4 and are its mass and length; and̈(see Figure 2 ) are the gravity and the external base accelerations, respectively.
Rocking Equations of Motion.
When the external excitation is able to uplift the columns, the rocking motion of the trilithic system starts. Two sets of rocking equations describes the motion around the base corners of the columns. In this Section only the equations describing the rocking around the left corners of the columns are described (Figure 2 ). Those describing the motion around the right corners of the columns are in Appendix A. In the following r ( = 1, . . . , 4) are the vectors of the centres of mass positions of the four bodies of the system (the columns, the lintel and the mass of the pendulum) with respect to point , which is the origin of an inertial frame initially coincident with point ( Figure 1) . A vector r describes the position of a generic point with respect to a generic point . The overbar denotes quantities related to the initial position of the trilith, and quantities without overbar refer to generic positions assumed during the rocking motion. 
Their actual positions during the motion are:
where x = { ( ), 0, 0} is the base external displacement and R and R are two tensors describing the rigid rotation of the columns ( ) and the rotation of the pendulum ( ) (see Figure 2 ), respectively. They read:
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Taking into account Eq. (4), with geometric considerations (see Figure 2 ), the vectors that define the actual positions of the four bodies with respect to the reference inertial frame with origin in can be explicitly written as:
In order to obtain the equations of motion the Lagrangian approach is used. The kinetic energy of the system, during the rocking motion reads:
where ( = 1, . . . , 4) are the masses of the four bodies; ( = 1, 2) are the polar inertia of the two columns with respect to their centres of mass;ṙ are obtained by time-deriving Eq. (5);̇is the time-derivation of the axial rotation vector = {0, 0, ( )} . It is worth observing that no rotational inertia of the lumped mass of the pendulum is considered. Moreover, the rotational inertia of the lintel is not taken into account, since the lintel undergoes only translational motion when the trilith has equal columns.
The potential energy of the system during the rocking motion is defined as:
wherer , ( = 1, . . . , 4) are the positions of the four bodies which correspond to the minimum potential energy (being constants, they disappear in the process of time derivation needed for the writing of the equations of motion); g = {0, − , 0} is the gravity acceleration vector. By defining the Lagrangian of the system = − , the equations of rocking motion are obtained as:
where 2 = 1 is assumed. The equations of motion for the rocking around the right base corners are obtained similarly (Appendix A).
Uplift Condition
The minimum value of the external excitation which induce the uplift of the trilith, around the left corner of the columns can be found assuming =̇=̈= 0 in Eq. (8) . As:
where:
When = 0 (i.e. in the case without the pendulum), Eq. (9) reduces to:
Eqation (11) shows that in the case without the pendulum, the uplift acceleration does not depend on the mass of the linthel, but only on the slendereness of the columns, as already found in [41] . The uplift condition referring to the right corners of the columns can be obtained in a similar way.
Impact Conditions
When the angle ( ) vanishes, an impact takes place. To correctly describe the dynamics of the system, its post-impact state has to be solved. Let's assume that the pre-impact angular velocity of the trilith is counterclockwise and the impact occurs at points A, C, F, H (see Figure 3 , where only the base impulses are drawn). The unkowns of the problem are six, namely the four impulse at the impact points and the post impact angular velocities of the trilith and of the pendulum. Below the superscript (+) will denote always postimpact quantities, whereas the superscript (-) will denote preimpact quantities. In general, the impulse at point is defined as:
where is the impact force and Δ is the duration of the impact. All non-impulsive forces (e.g., inertia forces and selfweights) are considered negligible compared with the impact forces. Proceeding as in [43] , the six equations describing the impact problem are:
(1) Linear momentum along -axis for the whole system
(2) Linear momentum along y-axis for the whole system
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(5) Moment of momentum about point A for the whole system
(6) Moment of momentum about o (the pivot point) for the pendulum
The solution of these equations gives the four impulse at the impact points (whose expressions are not reported) and the post impact angular velocitieṡ+ anḋ+. Specifically, the post-impact angular velocity of the columns reads:
When 4 = 0 (i.e. in the case without the pendulum), Eq. (19) reduces to:
Equation (20) provides the same result found in [41] . The post impact angular velocity of the pendulum reads:
As it is possible to observe, the equations of motion in Eq. (8), the expression of the uplift acceleration in Eq. (9) and the impact conditions reported in Eqs. (19)- (21) do not depend neither on the position of the pivot point of the pendulum, nor on the position of the center of mass of the lintel 3 . Hence, the pendulum mass damper can be freely positioned without compromising its effectiveness in the protection of the trilith from the overturning.
The impact conditions referring to an impact that occurs at points B, D, E, K (see Figure 2) , can be obtaine in a similar way.
Parametric Analyses
An extensive parametric analysis is performed to point out the efficiency of the pendulum mass absorber under external excitation. The system is excited by an impulsive onesine (or one-cosine) base excitation. Overturning spectra, providing the amplitude of the excitation versus its frequency, are obtained for a broad class of triliths characterised by different geometrical properties. The overturning spectra are built evaluating the overturning amplitude of the one-sine (or one-cosine) excitation which corresponds to the first overturning occurrence. Several regions where the block could regain stability could exist over this amplitude, but they are not analyzed in this paper. An original code has been implemented for the numerical integrations of the equations of motion needed to construct the spectra. Particular care has been devoted to the detection of impacts and to the choice of the integration time step. The length of the pendulum is taken = (2/3)ℎ (Figure 1 ), since some preliminary analyses showed that the behaviour of the trilith with the pendulum only marginally depends on the length of the mass absorber, provided its length is ≥ 1/3ℎ.
Base Excitations.
Mainly a one-sine impulsive excitation is the base excitation considered in the analyses. The same kind of excitation is commonly used in the study of the dynamics of bi-dimensional rigid blocks ( [5, 19, 21] ). Specifically, the pulse-type one-sine excitation used in the analyses reads:̈(
where Ω = 2 / is the circular frequency of the impulsive excitation, is the period of the one-cycle impulse, and is its amplitude (see Figure 4) . Here, is the maximum time used in the numerical integrations, and it is taken at least ten times the period of the one-cycle pulse. However, some results are obtained by considering a one-cosine excitation. The similarities among results obtained by the two type of excitations, has suggested to use mainly one of them. Specifically, the pulse-type one-cosine excitation used in the analyses reads:̈(
The use of the one-sine base excitation is often used to describe near fault seismic excitations. It is worth observing that the paper is a first attempt to investigate the effectiveness of a dynamic mass absorber in protecting a trilithic structure from overturning. Therefore, the paper does not approach the study of the seismic response of the coupled system, but investigates the sensitivity of the coupled system to several parameters.
Overturning Spectrum.
The first analysis refers to a trilith with fixed geometrical characteristics = 5, and the mass ratios considered are = 0.3 and = 1.0 (see Eq. (10)). For the given mass ratios, the pendulum has a mass that is smaller or equal to the 10% of the total mass ot the trilith (the 10% of the total mass is obtained when the lintel and colums have the same mass). Figure 5(a) shows two overturning spectra, one referring to the case with the mass absorber (solid line), and the other to the case without mass absorber (dashed line). The two spectra are almost coincident, except that in a specific range of the circular frequencies of the one-sine pulse excitation. Specifically, between the circular frequencies Ω 1 and Ω 2 the pendulum has positive effects on the overturning of the block. In fact, in this range, the presence of the mass absorber increases the amplitude of the excitation required to overturn the block. Outside this range, the presence of the pendulum has not sensible effects. In correspondence of the angular discontinuities of the overturning spectra, inside the dashed circles, a substantial change of the overturning phenomenon of the block occurs. More in detail, before and after the discontinuity, the block overturns with two different modes, coherently with the findings of [19] , as discussed in the next paraghraphs. The region between the spectra of the triliths with and without pendulum mass absorber is called gain range (or advantage range) in the following and the corresponding area between the two spectra is named gain or safe region. pendulum, respectively, the gain provided by the dynamic mass absorber is evaluated as Δ = 100 × ( − )/ . Specifically, in Figure 5 (b) the percentage gain obtained for the overturning spectrum of Figure 5 (a) is shown. Although the increase in the excitation amplitude able to overturn the block in presence of the dynamic mass absorber is almost constant (i.e. the distance between the spectra is almost constant), the percentage gain changes considerably, almost reaching 140% for Ω = 11rad/s. Figure 6 shows the time-histories of the angles ( ), describing the rocking motion of the trilith, and of the angle ( ), accounting for the oscillation of the pendulum. The two couples of graphs refer to the cases labelled with and in Figure 5 . In particular, point is inside the range where the presence of the pendulum increases the safety of the trilith. Figure 6 (a) shows the ( ) and ( ) time histories of systems with (solid line) and without (dashed line) pendulum mass absorber for case . The time-history of ( ) for the case without pendulum (dashed line) displays two fundamental frequencies. In this case, the mass absorber reduces the rocking oscillations since the pendulum oscillates in counterphase with respect to the component of the rocking motion that has the lowest frequency (greater period). On the contrary, the case labeled as does not present any apparent advantage since it is located outside the advantage range ( Figure 5 ). The time history in Figure 6(b) shows that, for this latter case, the rocking angle is only marginally affected by the presence of the mass absorber.
In Figure 7 the time-histories of the angle ( ), describing the rocking motion of the trilith equipped with the mass absorber, are shown. The two graphs refer to the cases labelled with and in Figure 5 . In particular, point is located before the discontinuity point, above the spectrum of the system with the mass absorber ( . . before the frequency Ω 1 ), whereas point is located after the discontinuity point, above the same spectrum ( . . after the frequency Ω 1 ). As expected the time-histories manifest two different ways of overturning of the trilith. More in detail, in Figure 7 (a) (point ) the overturning of the trilith happens impacting the ground, whereas in Figure 7 (b) (point ) the overturning occurs without impacting the ground, thus confirming the findings pesented in [19] also for trilithic systems coupled with pendulum mass absorbers.
The Role of the Mass of the Pendulum.
In this section the dependence of the motion on the mass ratio of the pendulum, (Eq. (10)), is investigated, for the case of one-sine excitation. The results are shown as overturning spectra organized in matrix form in Figure 8 . The rows refer to different values of the slenderness (Eq. (10)), and the columns refer to different mass ratios of the pendulum.
The comparison of the spectra obtained for systems with the same slenderness shows that an increase in the mass ratio always results in an improvement in the behaviour of the trilith. For any slenderness, the safe regions enlarge when the pendulum is added to the system. By observing the overturning spectra along the columns of Figure 8 , it is evident that the pendulum effect on the behaviour of the trilith is not directly proportional to the slenderness. The area of the gain regions does not grow up monotonically as the slenderness increases. The safety of the system improves as it increase from = 3 to = 5 but it reduces with a further increase of slenderness, = 7.
The Role of the Base of the Columns.
The role of the base of the columns of the trilith in the behaviour of the system also investigated. Figure 9 shows the overturning spectra organized in matrix form, similarly to Figure 8 that an increase of the columns base corresponds to an overall reduction in the gain range extension of the (one-sine) excitation frequency. On the contrary, to an increase of the slenderness does not correspond a monotonic enlargment of the gain regions. This fact mainly occurs for column base > 0.4 . In Figure 10 the overturning spectra obtained by exciting the trilith with a one-cosine excitation are shown. The results refer to = 0.4 and therefore, they can be compared directly with the result of the first left column of Figure 9 . As it is possible to observe, the amplitude of the one-cosine excitation is in general higher than that of the one-sine excitation. Also the jumps that overturning curves undergo when a change of the overturning mode manifests itself (see Section 5.2), are greater than the ones observed in case of one-sine excitation. However, the same evolution for an increasing slenderness of the columns of the trilith is observed. Specifically, to an increase of an increase of the gain region occurs, as happens for one-sine excitation (see the first left column of Figure 9 ). Since the effects on the overturning curves of the one-cosine excitation are very similar to those observed for the one-sine one, we omit to report further results on the one-cosine pulse.
The Role of the Mass of the Lintel.
The last analysis is aimed to understand the effects of the mass ratio of the lintel on the rocking motion. Figure 11 shows results of motion simulations of triliths with fixed slenderness, base and mass ratio of the pendulum ( = 5, = 0.6 , = 0.3), under a one-sine excitation. As it can be observed, as the mass of the lintel increases the gain frequency range shrinks. This finding is in accordance with the results shown in Section 5.3, where the larger is the mass ratio of the pendulum, the better is the performance of the system. Even if a fixed mass ratio = 0.3 is considered, the ratio of the mass of the pendulum on the total mass of the trilith decreases when the mass of the lintel increases.
It can be observed that the advantage regions where the passive control is effective are mostly located between Ω = 10 and Ω = 15 rad/s (0.6-0.4 s in terms of periods), for the one-sine excitation. In such a range of frequencies, most of the earthquakes have consistent spectral power content. Moreover, the use of the pendulum mass absorber never worsen the dynamics of the system (i.e., it never leads to an overturn for an amplitude of the excitation lower than the one that overturns the trilith without pendulum). Additionally, the effectiveness of the pendulum does not depend on its position, and marginally depends on its length (provided that the length is ≥ 1/3ℎ). Consequently there is a wide range of possibilities to choose the position and the length of the pendulum in such a way that minimize the interference of the pendulum with the structure and its aesthetic. 
Conclusions
The study presented the evaluation of the effectiveness of a passive control method based on the use of a dynamic mass absorber to avoid the overturning of a thrilith with equal columns and generic shaped and positioned lintel. The protection system has been modelled as a pendulum hinged on the lintel with its mass lumped at the end. The equations of rocking motion of the trilith coupled with the pendulum mass absorber, the exact uplift conditions, and impact conditions have been obtained.
An extensive parametric analysis has been performed to compare the behaviour of the system with and without pendulum under impulsive one-sine (or one-cosine) base excitations. The comparison is made using overturning spectra that provide the amplitude of the excitation able to overturn the trilith versus the frequency of the excitation. These spectra, obtained for a wide class of triliths characterized by different geometrical and mechanical properties, prove the effectiveness of the mass absorber to avoid overturning. Specifically, there is a range of the frequencies of the pulsetype excitation where the presence of the pendulum improves the behaviour of the system. Inside this regions, a larger amplitude of the excitation is required to overturn the trilith. The width of these gain ranges sensibly depends on the geometrical characteristics of the trilith and on the ratio between the mass of the pendulum and the total mass of the system. In particular, the width of the gain ranges/regions can be enlarged by increasing the mass of the pendulum.
It is important to remark that the addition of the pendulum mass absorber never has a negative effect on the system. In fact, outside the advantage regions, the overturning spectra of the system with and without the dynamic mass absorber are almost coincident.
In this section the equations of motion for a trilith rocking around the right base corners (see Figure 12 ) of the columns are reported. 
A.1. Rocking Equations of
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